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Abstract
Growing interest in non-line-of-sight (NLoS) imaging, colloquially referred to as “seeing around
corners”, has led to the development of phasor-field (P-field) imaging, wherein the field envelope
of amplitude-modulated spatially-incoherent light is manipulated like an optical wave to directly
probe a space that is otherwise shielded from view by diffuse scattering. Recently, we have es-
tablished a paraxial theory for P-field imaging in a transmissive geometry that is a proxy for
three-bounce NLoS imaging [J. Dove and J. H. Shapiro, Opt. Express 27(13) 18016 (2019)]. Our
theory, which relies on the Fresnel diffraction integral, introduces the two-frequency spatial Wigner
distribution (TFSWD) to efficiently account for specularities and occlusions that may be present in
the hidden space and cannot be characterized with P-field formalism alone. However, because the
paraxial assumption is likely violated in many, if not most, NLoS scenarios, in the present paper we
overcome that limitation by deriving a nonparaxial propagation formula for the P field using the
Rayleigh–Sommerfeld diffraction integral. We also propose a Rayleigh–Sommerfeld propagation
formula for the TFSWD and provide a derivation that is valid under specific partial-coherence
conditions. Finally, we report a pair of differential equations that characterize free-space TFSWD
propagation without restriction.
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I. INTRODUCTION
Over the last decade, considerable progress has been made on the daunting task of see-
ing around corners by collecting and processing light reflected from a hidden scene into a
visible space. This field of research, as well as the analogous one of seeing through diffusive
transmission media like ground glass or fog, is called non-line-of-sight (NLoS) imaging [1–
6]. One of the more promising developments in this line of work is phasor-field (P-field)
imaging. Initially proposed by Reza et al. [7] and demonstrated by Liu et al. [8, 9], the
key idea behind P-field imaging is to amplitude modulate a visible light source at radio or
microwave frequencies and to manipulate, detect, and process the modulation envelope, i.e.,
the short-time-average (STA) irradiance, as if it were an optical wave using techniques from
traditional line-of-sight (LoS) imaging. The difficulty in NLoS imaging arises from ordinary
walls and diffusive transmission media being rough at the optical-wavelength scale, resulting
in diffusely-scattered, spatially-incoherent light. However, at the much larger scale of radio
and microwave wavelengths, i.e., the modulation wavelength of the P field, these walls and
transmission media are smooth, and so the P field retains modulation-frequency direction-
ality information in a manner similar to that for coherent light at the optical frequency in
LoS scenarios.
Although the P-field concept proved intuitively pleasing and experimentally impressive,
we felt there was room for a sounder understanding of its theoretical underpinnings. So, con-
temporaneously with Teichman [10], we began a program of research dedicated to pursuing
such understanding. Thus far the fruit of that labor is a theoretical framework for P-field
propagation through transmissive geometries which serve as proxies for more typical reflec-
tive NLoS scenarios [11]. Our framework is capable of characterizing both computational [11]
and physical-optics P-field imaging [12], efficiently accounting for hidden-space specularities
and occlusions by means of the two-frequency spatial Wigner distribution (TFSWD) [11], as
well as analyzing the effects of laser speckle [13]. Our framework, however, is limited to the
paraxial, i.e., small-angle, propagation regime as it heavily relies on the Fresnel diffraction
integral, whereas other formulations started from the more general Rayleigh–Sommerfeld
diffraction integral [7, 10].
The paraxial approximation is valid for propagation of an optical wave at wavelength
λ0 across a distance L when the transverse diameters of interest at the input and output
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planes, d0 and dL respectively, satisfy (d0 + dL)
4/128λ0L
3  1. However, typical parameter
values for many NLoS imaging scenarios violate this condition, sometimes greatly [8]. An
alternative sufficient condition for the validity of Fresnel diffraction is that the input field’s
angular spectrum be comprised solely of components that lie close to the axis of propagation.
Unfortunately, insofar as this alternative is concerned, the defining characteristic of NLoS
scenes is their involving rough surfaces that scatter light over a broad range of angles.
Accordingly, it seems that the paraxial approximation is likely to be violated in many, if not
most, NLoS scenarios. Thus our paraxial theory of P-field propagation should be extended
to a nonparaxial theory by replacing our assumption of Fresnel diffraction with the more
broadly valid Rayleigh–Sommerfeld diffraction. This is especially true as we hope to adapt
our transmissive framework to the reflective geometry of real NLoS problems. In this paper,
we take initial, key steps towards that goal.
First, in Sec. II, we review our paraxial P-field propagation framework both for its own
merit and to remotivate our introduction of the TFSWD to handle hidden-space speculari-
ties and occlusions. Then, in Sec. III, we use the Rayleigh–Sommerfeld diffraction integral
to derive the appropriate P-field propagation integral for free-space propagation following
a diffuser and show the equivalent implication for the propagation of the diffuser-averaged
STA irradiance. In Sec. IV we call attention to the paraxial free-space propagation primitive
for the TFSWD and show its equivalent formulation in terms of the 6D light field, viz., the
TFSWD’s temporal Fourier transform. Using geometric intuition, we propose a nonparaxial
propagation primitive for the 6D light field by replacing the paraxial terms in our previous
result with their nonparaxial equivalents. We verify this proposal implies the correct behav-
ior for the diffuser-averaged STA irradiance, and exhibit its equivalent formulation in terms
of the TFSWD. We then provide a more formal derivation of that TFSWD equivalent which
is valid under specific partial-coherence conditions. Finally, in Sec. V, we provide a pair of
differential equations that characterize free-space TFSWD propagation without restriction.
II. PARAXIAL P-FIELD AND TFSWD PROPAGATION
To begin, we review the paraxial phasor-field propagation framework that we developed
in Ref. [11]. We use paraxial, scalar-wave optics in a transmissive geometry that serves as
an unfolded proxy for three-bounce NLoS imaging, as depicted in Fig. 1. Our framework
3
z = 0
E0(⇢0, t)
z = L1
h0(⇢0)
F (⇢1)
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z = L1 + L2
h2(⇢2)
E02(⇢2, t)
z = L1 + Ld
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FIG. 1. Transmissive geometry that serves as an unfolded proxy for a three-bounce NLoS scenario
whose hidden space contains a specular component and an occluder. The thin blue rectangles
represent idealized thin diffusers that serve as analogs for the first and final bounces off the visible
wall. The black line in the central plane represents a target in the hidden space with both specular
and diffuse components. The small black rectangle between this target and the final plane rep-
resents an occluder in the hidden space that partially obstructs the light returning to the visible
wall.
characterizes propagation through such geometries in a plane-by-plane fashion, i.e., with a
set of primitives that describe interactions with the variety of planar elements displayed in
Fig. 1 and propagation from one non-empty plane to the next. Our paraxial assumption only
enters into the propagation primitives, so it is only these primitives that need modification
to extend our framework to the nonparaxial regime.
The fundamental quantity we concern ourselves with is the optical field’s baseband,
W1/2/m-units, complex field envelope, Ez(ρz, t), which modulates a ω0-angular-frequency
optical carrier to produce the optical field, Uz(ρz, t) = Re[Ez(ρz, t)e
−iω0t], where ρz is the
two-dimensional transverse spatial coordinate in the plane denoted by z [14]. We take the
bandwidth of this envelope to satisfy ∆ω  ω0 and its frequency-domain representation
to be Ez(ρz, ω) =
∫
dt Ez(ρz, t)e
iωt. In the frequency domain, propagation of this envelope
through our transmissive geometry is characterized by the following primitives:
Propagation through diffusers: The frequency-domain field envelopes {E ′k(ρk, ω) : k =
0, 2} emerging from the z = 0 and z = L1 + L2 plane diffusers are given by
E ′k(ρk, ω) = Ek(ρk, ω)ei(ω0+ω)hk(ρk)/c ≈ Ek(ρk, ω)eiω0hk(ρk)/c, (1)
where c is light speed and the {hk(ρk)}, which represent the diffusers’ thickness profiles,
are independent, identically-distributed, zero-mean Gaussian random processes with stan-
dard deviation satisfying λ0  σh  ∆λ and correlation width obeying ρh ∼ λ0, with
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λ0 ≡ 2pic/ω0 being the optical wavelength and ∆λ ≡ 2pic/∆ω the minimum modulation
wavelength. It follows that the diffuser correlation function appearing in propagation inte-
grals reduces to
〈eiω0[hk(ρk)−hk(ρ′k)]/c〉 = e−ω20 [σ2h−Khh(|ρk−ρ′k|)]/c2 ≈ λ20δ(ρk − ρ′k), (2)
where angle brackets denote ensemble average, Khh(|ρk − ρ′k|) ≡ 〈hk(ρk)hk(ρ′k)〉 has been
assumed to be homogeneous and isotropic, and δ(·) is the Dirac delta function.
Propagation through transmissivity masks: The frequency-domain field field envelope
E ′d(ρd, ω) emerging from the deterministic occluder is given by
E ′d(ρd, ω) = Ed(ρd, ω)P (ρd), (3)
where P (ρd) is the occluder’s field-transmissivity function. Similarly, the frequency-domain
field envelope E ′1(ρ1, ω) emerging from the target plane is given by
E ′1(ρ1, ω) = E1(ρ1, ω)F (ρ1). (4)
Here, F (ρ1) is a random process having potentially-nonzero mean 〈F (ρ1)〉 6= 0, representing
a specular component. The mask’s fluctuations, ∆F (ρ1) ≡ F (ρ1) − 〈F (ρ1)〉, represent
its diffuse component and have covariance function 〈∆F (ρ+ + ρ−/2)∆F ∗(ρ+ − ρ−/2)〉 ≈
λ20F(ρ+)δ(ρ−), where 0 ≤ F(ρ+) ≤ 1.
Fresnel diffraction: Fresnel diffraction governs free-space propagation from z = 0 to
z = L1, viz.,
E1(ρ1, ω) =
ω0 + ω
i2picL1
∫
d2ρ0 E ′0(ρ0, ω) exp
[
i(ω0 + ω)
(
L1 + |ρ1 − ρ0|2/2L1
)
/c
]
. (5)
Similar results relate Ed(ρ1, ω) to E ′1(ρ0, ω), etc. We will often use ω0 + ω ≈ ω0 in these
expressions’ leading terms.
The STA irradiance is the squared magnitude of the complex field envelope, Iz(ρz, t) =
|Ez(ρz, t)|2, and we define the P field to be its diffuser-averaged Fourier transform:
Pz(ρz, ω−) ≡
∫
dt 〈Iz(ρz, t)〉eiω−t (6)
=
∫
dω+
2pi
〈Ez(ρz, ω+ + ω−/2)E∗z (ρz, ω+ − ω−/2)〉, (7)
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where Eq. (7) follows from the STA irradiance’s definition and the convolution-multiplication
theorem. In Ref. [11] we found that post-diffuser Fresnel propagation of the P field is
characterized by
P1(ρ1, ω−) =
1
L21
∫
d2ρ0P0(ρ0, ω−) exp
[
iω−
(
L1 + |ρ1 − ρ0|2/2L1
)
/c
]
, (8)
whose mimicking the complex field envelope’s Fresnel diffraction integral, Eq. (5), is the
bedrock of P-field optics.
Using the P field alone, propagation past the target plane in Fig. 1 can only be accom-
plished if the target is purely diffuse, i.e., if 〈F (ρ1)〉 = 0, in which case we have
Pd(ρd, ω−) =
1
L2d
∫
d2ρ1P1(ρ1, ω−)F(ρ1) exp
[
iω−
(
Ld + |ρd − ρ1|2/2Ld
)
/c
]
. (9)
This is so because the spatial coherence that accrues in diffraction from z = 0 to z = L1 is
not accounted for in P1(ρ1, ω−) but is at least partially retained in E ′1(ρ1, ω) and hence must
be accounted for in propagation from z = L1 to z = L1 +Ld. The same situation arises with
the occluder, i.e., despite P ′d(ρd, ω−) = Pd(ρd, ω−)|P (ρd)|2 being the P-field associated with
E ′d(ρd, ω), propagation from z = L1 +Ld to z = L1 +L2 cannot be characterized with the P
field alone. Nevertheless, even with specularities or occlusions present in the hidden space,
it is always possible to write down a cumulative P-field input-output relation, i.e., between
P0(ρ0, ω−) and P ′2(ρ2, ω−) in Fig. 1, for scenarios that contain a pure-diffuser at their input.
That relation, however, cannot be found from plane-by-plane P-field propagation. For that
plane-by-plane propagation the TFSWD provides an efficient solution.
All of the elements encountered by light in a typical NLoS scenario will effect linear
transformations upon the complex field envelope. Moreover, phasor-field imaging is pri-
marily concerned with second moments of the complex field envelope [15]. Consequently,
for plane-by-plane propagation through NLoS scenarios for the sake of recovering P-field or
diffuser-averaged-STA-irradiance input-output behavior it suffices to follow the propagation
of the complex field envelope’s space-time autocorrelation function,
Γz(ρz, ρ˜z, t, t˜) ≡ 〈Ez(ρz, t)E∗z (ρ˜z, t˜)〉. (10)
Bearing this in mind, in Ref. [11] we introduced the TFSWD,
WEz(ρ+,k, ω+, ω−) ≡
∫
d2ρ− 〈Ez(ρ+ + ρ−/2, ω+ + ω−/2)E∗z (ρ+ − ρ−/2, ω+ − ω−/2)〉e−ik·ρ− ,
(11)
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which has an invertible, Fourier-transform relationship with the space-time autocorrelation
and from which the P field can be readily obtained via
Pz(ρ+, ω−) =
∫
dω+
2pi
∫
d2k
(2pi)2
WEz(ρ+,k, ω+, ω−). (12)
In these equations, k represents the transverse component of the wave vector, which char-
acterizes directionality information that the TFSWD possesses but the P field lacks. This
directionality information enables the TFSWD to handle the coherence accrued from free-
space propagation and thus suffice to characterize plane-to-plane propagation in scenarios
such as Fig. 1 that contain specularities or occlusions. Analogously, the exposure of the
additional, center frequency coordinate, ω+, enables the TFSWD to characterize propaga-
tion through arbitrary linear time-invariant (LTI) or linear time-varying filters [20]. Owing
to their invertible relationship, the TFSWD contains the same information as the space-
time autocorrelation. By contrast, the P field does not—the space-time autocorrelation and
TFSWD each suffice to calculate the P field, but not vice versa. We chose to work with
the TFSWD over the space-time autocorrelation because of its similarity to the standard
optical Wigner function, which has been well studied and found to be widely useful [16], and
because of its simple relationship to the intuitive, radiometric quantities used in computer
vision, e.g., the light field or plenoptic function [17–19]. A planar 6D light field, character-
izing the amount of light of a specified optical frequency passing through a given plane at a
specified point in a specified direction at a specified time, can be defined by inverse Fourier
transforming the TFSWD’s final coordinate:
Iz(ρ+, s, ω+, t) ≡
1
λ20
∫
dω−
2pi
WEz(ρ+, 2pis/λ0, ω+, ω−)e
−iω−t, (13)
where s = 2pik/λ0 = k/k0 is the transverse component of the unit vector pointing in the
nominal propagation direction. Radiometric quantities of lesser dimension can be obtained
by integrating out the undesired coordinates or transforming them as necessary, e.g., as in
Eq. (12). See Appendix A for an example of the 6D light field and its relation to other
quantities of interest in this paper.
In effect, the TFSWD and 6D light field serve as augmented versions of the P field and
diffuser-averaged STA irradiance, respectively. Both contain equivalent information to the
space-time autocorrelation, and we will work with each as convenient. Thus, they provide
a means for developing the sort of modular primitives we seek, for any NLoS scenario of
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interest, while making the process of recovering a cumulative P-field input-output from
such primitives as painless as possible and, in particular, much easier than doing so from
the autocorrelation function or, worse, the complex field envelope directly. That is, in our
opinion, they are the simplest and most intuitive quantities, in terms of their relation to the
P field, that suffice to handle the broadest class of NLoS scenarios.
In Ref. [11] we derived the following propagation primitives for the TFSWD:
Propagation through diffusers:
WE ′k(ρ+,k, ω+, ω−) = λ
2
0
∫
d2k′
(2pi)2
WEk(ρ+,k
′, ω+, ω−), (14)
for k ∈ {0, 2}.
Propagation through deterministic occluders:
WE ′d(ρ+,k, ω+, ω−) =
∫
d2k′
(2pi)2
WEd(ρ+,k
′, ω+, ω−)WP (ρ+,k− k′), (15)
where WP (ρ+,k) ≡
∫
d2ρ− P (ρ+ + ρ−/2)P
∗(ρ+ − ρ−/2)e−ik·ρ− is the traditional Wigner
distribution for the occluder’s field-transmissivity pattern.
Propagation through specular-plus-diffuser masks:
WE ′1(ρ+,k, ω+, ω−) =
∫
d2k′
(2pi)2
WE1(ρ+,k
′, ω+, ω−)W〈F 〉(ρ+,k− k′)
+ λ20F(ρ+)
∫
d2k′
(2pi)2
WE1(ρ+,k
′, ω+, ω−). (16)
Fresnel diffraction:
WE1(ρ+,k, ω+, ω−) = WE ′0(ρ+ − L1k/k0,k, ω+, ω−)eiω−L1(1+|k|
2/2k20)/c, (17)
and similarly for all other free-space propagation paths in Fig. 1.
Although not shown in Ref. [11], and not exploited thus far in our work, it is not hard
to extend that paper’s derivation of Eq. (15) to show
Propagation through deterministic, planar LTI filters:
WEH (ρ+,k, ω+, ω−) =
∫
d2k′
(2pi)2
WE(ρ+,k
′, ω+, ω−)WH(ρ+,k− k′, ω+, ω−), (18)
where EH(ρ, ω) = E(ρ, ω)H(ρ, ω) is the complex field envelope emerging from a determin-
istic, planar LTI filter with frequency response H(ρ, ω) when illuminated by the complex
field envelope E(ρ, ω).
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Most of these propagation primitives, namely those for propagation of the complex field
envelope and TFSWD through diffusers and transmissivity masks, apply in general, without
any assumption about the propagation angles, as they describe transformations at a single
transverse plane. So, these elements already apply to nonparaxial operation, and accordingly
we need only extend our Fresnel-diffraction results for the P field and TFSWD to the
nonparaxial regime to have a complete set of nonparaxial primitives for Fig. 1-like scenarios.
III. RAYLEIGH–SOMMERFELD P-FIELD PROPAGATION
Our development of a nonparaxial propagation primitive for the P field parallels that for
Fresnel propagation as in Ref. [11]. We consider propagation first through a diffuser and
then through a free-space distance L1, as depicted in the first portion of Fig. 1. The key
difference in the derivation is to replace Eq. (3) of that paper (Eq. (5) here)—the Fresnel
diffraction integral for the complex field envelope—with the Rayleigh–Sommerfeld diffraction
integral [21]
E1(ρ1, ω) =
∫
d2ρ0 E ′0(ρ0, ω)
exp
[
i(ω0 + ω)
√
L21 + |ρ1 − ρ0|2/c
]
(ω0 + ω)L1
i2pic(L21 + |ρ1 − ρ0|2)
, (19)
where we have substituted L1/
√
L21 + |ρ1 − ρ0|2 in place of the cosine obliquity factor. The
derivation then proceeds as in the Fresnel case, utilizing the same assumptions regarding
the diffuser statistics, viz., Eq. (2), and the modulation bandwidth:
P1(ρ1, ω−) =
∫
dω+
2pi
〈E1(ρ1, ω+ + ω−/2)E∗1 (ρ1, ω+ − ω−/2)〉 (20)
=
( ω0
2pic
)2 ∫ dω+
2pi
∫
d2ρ0
∫
d2ρ˜0 E0(ρ0, ω+ + ω−/2)E∗0 (ρ˜0, ω+ − ω−/2)
× 〈eiω0[h0(ρ0)−h0(ρ˜0)]/c〉e
i
(
(ω0+ω++ω−/2)
√
L21+|ρ1−ρ0|2−(ω0+ω+−ω−/2)
√
L21+|ρ1−ρ˜0|2
)
/c
L21
(L21 + |ρ1 − ρ0|2)(L21 + |ρ1 − ρ˜0|2)
(21)
=
∫
d2ρ0P0(ρ0, ω−)
exp
(
iω−
√
L21 + |ρ1 − ρ0|2/c
)
L21
(L21 + |ρ1 − ρ0|2)2
. (22)
Recalling that the P field is the Fourier transform of the diffuser-averaged STA irradiance,
it immediately follows that
〈I1(ρ1, t)〉 =
∫
d2ρ0 I0
(
ρ0, t−
√
L21 + |ρ1 − ρ0|2/c
)
L21/(L
2
1 + |ρ1 − ρ0|2)2. (23)
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This accords perfectly with our intuition: each point on the diffuser contributes incoherently
to the final irradiance—these contributions are delayed according to the distance they travel,
scaled by the inverse square of said distance, and scaled by the cosine-squared obliquity
factor [22].
IV. THE 6D LIGHT FIELD AND TFSWD
Next we turn our attention to the TFSWD. Here it turns out to be convenient to first
seek the 6D light field’s primitive for nonparaxial propagation starting from its paraxial-
propagation predecessor,
I1(ρ+, s, ω+, t) ≡
1
λ20
∫
dω−
2pi
WE1(ρ+, 2pis/λ0, ω+, ω−)e
−iω−t (24)
=
1
λ20
∫
dω−
2pi
WE ′0(ρ+ − L1s, k0s, ω+, ω−)eiω−L1(1+|s|
2/2)/ce−iω−t (25)
= I ′0(ρ+ − L1s, s, ω+, t− L1/c− |s|2 L1/2c). (26)
Interpreting the first argument in I ′0 as a transverse spatial coordinate ρ0 in the z = 0
plane, we see that s =
(
ρ+ − ρ0
)
/L1. This identification makes sense in the paraxial
regime: s represents the transverse component of the propagation direction, and so it equals
the ratio of the transverse spatial offset to the paraxial-propagation distance. Hence, the
6D light field’s spatial profile is merely sheared according to the propagation direction.
The propagation direction itself does not change, nor does the frequency, and we see that
the time dependence is delayed by light-speed propagation over the paraxial-propagation
distance L1 + |s|2 L1/2 = L1 +
∣∣ρ+ − ρ0∣∣2 /2L1. This interpretation demonstrates that the
6D light field formalizes the ray-optics intuition for free-space propagation.
The preceding interpretation immediately exposes the imprecision of the Fresnel ap-
proximation. Neither L1, as in the denominator of our interpretation for s, nor L1 +∣∣ρ+ − ρ0∣∣2 /2L1, as in the time delay, are really the propagation distance of such a
hypothetical ray. That distance would be
√
L21 +
∣∣ρ+ − ρ0∣∣2. Say then we take s =(
ρ+ − ρ0
)
/
√
L21 +
∣∣ρ+ − ρ0∣∣2 and solve for ρ0. We find that
ρ0 = ρ+ +
L1s√
1− |s|2
. (27)
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Equation (27) accords well with intuition. Define θ to be the angle the propagation di-
rection makes with the z axis, as depicted in Fig. 2. Trigonometrically, L1 represents the
adjacent arm’s length in that figure’s dashed triangle. Because the propagation direction
is a unit vector, and s is its transverse component, we have |s| = sin θ,
√
1− |s|2 = cos θ,
and |s| /
√
1− |s|2 = tan θ. We then have that L1 |s| /
√
1− |s|2 is the transverse propaga-
tion distance. Removing the magnitude bars from the numerator gives the vector-valued
transverse displacement in the correct direction, and the total propagation distance is then√
L21 +
∣∣ρ+ − ρ0∣∣2 = L1/√1− |s|2.
✓
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FIG. 2. Trigonometry for Rayleigh–Sommerfeld propagation of the 6D light field. The red arrow
represents a unit vector pointing in the propagation direction of a hypothetical ray propagating
from (ρ0, 0) to (ρ+, L1).
Taking the appropriately corrected values for the transverse offset and the total time
delay, this suggests that the correct free-space propagation primitive for the 6D light field is
I1(ρ+, s, ω+, t) = I
′
0
ρ+ − L1s√
1− |s|2
, s, ω+, t− L1
c
√
1− |s|2
 . (28)
To check this result, we can ask what it implies about the propagation of the diffuser-
averaged STA irradiance following a diffuser. It follows from the diffuser TFSWD primitive,
i.e., Eq. (14), that
I ′0(ρ+, s, ω+, t) =
∫
d2s′ I0(ρ+, s
′, ω+, t). (29)
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So, we have that
〈I1(ρ1, t)〉 =
∫
dω+
2pi
∫
d2s I1(ρ1, s, ω+, t) (30)
=
∫
dω+
2pi
∫
d2s
∫
d2s′ I0
ρ1 − L1s√
1− |s|2
, s′, ω+, t− L1
c
√
1− |s|2
 . (31)
Now we change variables so that s = (ρ1 − ρ0) /
√
L21 + |ρ1 − ρ0|2. Computing the appro-
priate Jacobian determinant we find
∫
d2s =
∫
d2ρ0 L
2
1/
(
L21 + |ρ1 − ρ0|2
)2
, so we now have
〈I1(ρ1, t)〉 =
∫
dω+
2pi
∫
d2ρ0
L21(
L21 + |ρ1 − ρ0|2
)2
×
∫
d2s′ I0
ρ0, s′, ω+, t−
√
L21 + |ρ1 − ρ0|2
c
 (32)
=
∫
d2ρ0 I0
ρ0, t−
√
L21 + |ρ1 − ρ0|2
c
 L21(
L21 + |ρ1 − ρ0|2
)2 , (33)
which is precisely our result for Rayleigh–Sommerfeld propagation of the diffuser-averaged
STA irradiance after a diffuser, Eq. (23). Moreover, note how the cosine-squared obliquity
factor is automatically accounted for by this approach.
Inspired by this success, we propose the equivalent nonparaxial free-space propagation
primitive for the TFSWD,
WE1(ρ+,k, ω+, ω−) = WE ′0
ρ+ − L1k√
k20 − |k|2
,k, ω+, ω−
 eiω−L1k0/c√k20−|k|2 , (34)
which can be obtained by Fourier transforming Eq. (28). In principle, one would hope to
derive this formula directly from substituting the Rayleigh–Sommerfeld diffraction integral
for the complex field envelope into the definition of the TFSWD. Unfortunately, we find this
approach untenable. However, this result can be derived under special circumstances by
adapting a technique developed elsewhere for the traditional optical Wigner distribution [16],
as we will now show for free-space propagation from the 0 plane to the z plane.
We begin that demonstration by shifting our attention from the output plane’s complex
field envelope Ez(ρz, ω) to its angular spectrum E˜z(s, ω), in which the field envelope is ex-
pressed as a superposition of propagating plane waves and all evanescent components are
12
ignored, i.e.,
Ez(ρz, ω) =
∫
d2s
(2pi)2
E˜z(s, ω) exp[i (ω0 + ω)ρz · s/c] (35)
E˜z(s, ω) = E˜ ′0(s, ω) exp[i (ω0 + ω) zsz(s)/c], (36)
where |E˜z(s, ω)| = 0 for |s| > 1, sz(s) ≡
√
1− |s|2 is real valued when the integrand is
nonzero, and the integration limits can be taken to include the entire s plane. Substituting
these results into the TFSWD’s definition we have that
WEz(ρ+,k, ω+, ω−)
=
∫
d2ρ− e
−ik·ρ−〈Ez(ρ+ + ρ−/2, ω+ + ω−/2)E∗z (ρ+ − ρ−/2, ω+ − ω−/2)〉 (37)
=
∫
d2ρ−
∫
d2s
(2pi)2
∫
d2s˜
(2pi)2
e−ik·ρ−ei(ω0+ω++ω−/2)[(ρ++ρ−/2)·s+zsz(s)]/c
× e−i(ω0+ω+−ω−/2)[(ρ+−ρ−/2)·˜s+zsz (˜s)]/c〈E˜ ′0(s, ω+ + ω−/2)E˜ ′∗0 (˜s, ω+ − ω−/2)〉. (38)
Now we switch to sum and difference coordinates, s+ = (s + s˜) /2 and s− = s − s˜. After
reorganizing some terms we have that
WEz(ρ+,k, ω+, ω−) =
∫
d2ρ−
∫
d2s+
(2pi)2
∫
d2s−
(2pi)2
× eiρ−·[(ω0+ω+)s+/c+ω−s−/4c−k]eiρ+·[(ω0+ω+)s−/c+ω−s+/c]
× ei(ω0+ω+)z[sz(s++s−/2)−sz(s+−s−/2)]/ceiω−z[sz(s++s−/2)+sz(s+−s−/2)]/2c
× 〈E˜ ′0(s+ + s−/2, ω+ + ω−/2)E˜ ′∗0 (s+ − s−/2, ω+ − ω−/2)〉. (39)
Performing the ρ− integral yields∫
d2ρ− e
iρ−·[(ω0+ω+)s+/c+ω−s−/4c−k] =
(
2pic
ω0 + ω+
)2
δ
(
s+ − ck
ω0 + ω+
+
ω−s−
4 (ω0 + ω+)
)
, (40)
where the last term in the argument of the delta function can be ignored owing to |s−| ≤ 2
for propagating waves and our quasimonochromatic assumption, viz., that Ez(ρz, ω) ∼ 0
except for |ω|  ω0 and hence |ω−|, |ω+|  ω0. Defining k˜0 ≡ (ω0 + ω+)/c and evaluating
the s+ integral then yields
WEz(ρ+,k, ω+, ω−) =
∫
d2s−
(2pi)2
1
k˜20
eiρ+·(k˜0s−+ω−k/ck˜0)eik˜0z[sz(k/k˜0+s−/2)−sz(k/k˜0−s−/2)]
× eiω−z[sz(k/k˜0+s−/2)+sz(k/k˜0−s−/2)]/2c
× 〈E˜ ′0(k/k˜0 + s−/2, ω+ + ω−/2)E˜ ′∗0 (k/k˜0 − s−/2, ω+ − ω−/2)〉. (41)
13
Next we introduce the first of our two key assumptions. Consider the case in which the
angular-spectrum correlation 〈E˜ ′0(s+ + s−/2, ω+ + ω−/2)E˜ ′∗0 (s+ − s−/2, ω+ − ω−/2)〉 differs
appreciably from 0 only when |s−|  1. In that case, we can approximate sz by its first-order
expansion in s−, i.e., sz(s+± s−/2) ≈ sz(s+)±∇sz(s+) · s−/2 where ∇sz(s+) = −s+/sz(s+).
Using this approximation and reorganizing terms we now have
WEz(ρ+,k, ω+, ω−) =
∫
d2s−
(2pi)2
1
k˜20
eik˜0s−·[z∇sz(k/k˜0)+ρ+]eiω−[zsz(k/k˜0)+ρ+·k/k˜0]/c
× 〈E˜ ′0(k/k˜0 + s−/2, ω+ + ω−/2)E˜ ′∗0 (k/k˜0 − s−/2, ω+ − ω−/2)〉. (42)
Because the angular spectrum can be obtained from the complex field envelope via
E˜0(s, ω) =
∫
d2ρ0 k˜
2
0E0(ρ0, ω) exp[−i (ω0 + ω)ρ0 · s/c], (43)
where E0(ρ0, ω) only includes propagating waves, we find that
WEz(ρ+,k, ω+, ω−) =
∫
d2ρ0
∫
d2ρ˜0
∫
d2s−
(2pi)2
k˜20
× eik˜0s−·[z∇sz(k/k˜0)+ρ+]eiω−[zsz(k/k˜0)+ρ+·k/k˜0]/c
× e−i(ω0+ω++ω−/2)ρ0·(k/k˜0+s−/2)/cei(ω0+ω+−ω−/2)ρ˜0·(k/k˜0−s−/2)/c
× 〈E ′0(ρ0, ω+ + ω−/2)E ′∗0 (ρ˜0, ω+ − ω−/2)〉. (44)
Changing to sum and difference coordinates again and reorganizing terms we have
WEz(ρ+,k, ω+, ω−) =
∫
d2ρ˜+
∫
d2ρ˜−
∫
d2s−
(2pi)2
k˜20e
−ik˜0s−·{ρ˜+−[ρ++z∇sz(k/k˜0)]+ω−ρ˜−/4(ω0+ω+)}
× e−ik·ρ˜−eiω−(zsz(k/k˜0)+(ρ+−ρ˜+)·k/k˜0)/c
× 〈E ′0(ρ˜+ + ρ˜−/2, ω+ + ω−/2)E ′∗0 (ρ˜+ − ρ˜−/2, ω+ − ω−/2)〉. (45)
Now, because the integrand only includes propagating waves, the s− integral can be done
over the entire s− plane, yielding∫
d2s−
(2pi)2
k˜20e
−ik˜0s−·{ρ˜+−[ρ++z∇sz(k/k˜0)]+ω−ρ˜−/4(ω0+ω+)}
= δ
(
ρ˜+ − [ρ+ + z∇sz(k/k˜0)] +
ω−ρ˜−
4(ω0 + ω+)
)
. (46)
Here we introduce the second of our key assumptions, that the complex-field-envelope
correlation 〈E ′0(ρ˜+ + ρ˜−/2, ω+ + ω−/2)E ′∗0 (ρ˜+ − ρ˜−/2, ω+ − ω−/2)〉 differs significantly from
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0 only for
∣∣ρ˜−∣∣ small enough that our quasimonochromatic assumption suffices for us to
neglect the final term in the argument of the preceding delta function. In this case, we carry
out the ρ˜+ integral with the help of the delta function and get
WEz(ρ+,k, ω+, ω−) =
∫
d2ρ˜− e
−ik·ρ˜−eiω−z[sz(k/k˜0)−∇sz(k/k˜0)·k/k˜0]/c
× 〈E ′0(ρ+ + z∇sz(k/k˜0) + ρ˜−/2, ω+ + ω−/2)
× E ′∗0 (ρ+ + z∇sz(k/k˜0)− ρ˜−/2, ω+ − ω−/2)〉 (47)
= WE ′0(ρ+ + z∇sz(k/k˜0),k, ω+, ω−)eiω−z[sz(k/k˜0)−∇sz(k/k˜0)·k/k˜0]/c (48)
= WE ′0
ρ+ − zk√
k˜20 − |k|2
,k, ω+, ω−
 eiω−zk˜0/c√k˜20−|k|2 . (49)
Finally, we make use of our quasimonochromatic assumption one more time to say k˜0 ≈ k0
which gives us the final result we desire:
WEz(ρ+,k, ω+, ω−) = WE ′0
ρ+ − zk√
k20 − |k|2
,k, ω+, ω−
 eiω−zk0/c√k20−|k|2 . (50)
Before moving on, let us restate and more carefully consider our two key assumptions:
(1) that 〈E˜ ′0(s, ω)E˜ ′∗0 (˜s, ω˜)〉 differs appreciably from 0 only when |s− s˜|  1; and (2)
that 〈E ′0(ρ0, ω)E ′∗0 (ρ˜0, ω˜)〉 differs significantly from 0 only for |ρ0 − ρ˜0| small enough that∣∣∣∣(ρ0 + ρ˜0)/2− zk/√k20 − |k|2∣∣∣∣  (ω − ω˜) |ρ0 − ρ˜0| /4[ω0 + (ω + ω˜)/2]. We will make that
consideration when E0(ρ0, t) is space-time factorable, i.e., when E0(ρ0, t) = E0(ρ0)S(t), so
that the complex field envelope emerging from the 0 plane and its temporal Fourier transform
are
E ′0(ρ0, t) = E
′
0(ρ0)S(t) (51)
E ′0(ρ0, ω) = E ′0(ρ0)S(ω), (52)
where S(ω) ≡ ∫ dt S(t)eiωt. If the 0 plane in this discussion is Fig. 1’s z = 0 plane we
know that E ′0(ρ0) ≈ eiω0h0(ρ0)/cE0(ρ0), where E0(ρ0) is deterministic. Equation (2) then
immediately validates our second key assumption, and our first key assumption also follows
if the angular spectrum of I0(ρ0) ≡ |E0(ρ0)|2 is confined to a narrow region around the
propagation axis.
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Unfortunately, the preceding argument does not suffice for validating Eq. (34) as the non-
paraxial replacement for Eq. (17) because the latter applies to all the free-space propagation
paths in Fig. 1. In particular, Eq. (17)’s derivation in Ref. [11] does not require the input
TFSWD to be that for a field emerging from a diffuser. Hence our paraxial-propagation
primitive for the TFSWD includes free-space propagation from the z = L1 and z = L1 +Ld
planes in Fig. 1, whereas what we have proven so far for its nonparaxial replacement does
not. To show that Eq. (34) can be applied to those non-diffuser situations we must work
harder by allowing E ′0(ρ0)’s correlation function to be more general than the δ-function form
implied by Eq. (2). In that case—using ρ+ = (ρ0 + ρ˜0)/2, ρ− = ρ0 − ρ˜0, s+ = (s + s˜)/2,
s− = s− s˜, ω = ω+ + ω−/2 and ω˜ = ω+ − ω−/2—we have that
〈E˜ ′0(s, ω)E˜ ′∗0 (˜s, ω˜)〉 =S(ω)S∗(ω˜)
∫
d2ρ+
∫
d2ρ− 〈E ′0(ρ0)E ′∗0 (ρ˜0)〉
× e−iρ+·[ω−s++(ω0+ω+)s−]/ce−iρ−·[ω−s−/4+(ω0+ω+)s+]/c, (53)
and
〈E ′0(ρ0, ω)E ′∗0 (ρ˜0, ω˜)〉 = S(ω)S∗(ω˜)〈E ′0(ρ0)E ′∗0 (ρ˜0)〉. (54)
Next, let us assume that the spatial correlation function has a Schell model, viz.,
〈E ′0(ρ0)E ′∗0 (ρ˜0)〉 = 〈I ′0(ρ+)〉R(ρ−), (55)
where, as its notation suggests, 〈I ′0(ρ+)〉 ≡ 〈|E ′0(ρ+)|2〉 and R(ρ−) is a normalized (R(0) =
1), spatially-homogeneous correlation function. In this case,
〈E˜ ′0(s, ω)E˜ ′∗0 (˜s, ω˜)〉 = S(ω)S∗(ω˜)
∫
d2ρ+
∫
d2ρ− 〈I ′0(ρ+)〉R(ρ−)
× e−iρ+·[ω−s++(ω0+ω+)s−]/ce−iρ−·[ω−s−/4+(ω0+ω+)s+]/c (56)
= S(ω)S∗(ω˜)I([ω−s+ + (ω0 + ω+)s−] /c)
×R([ω−s−/4 + (ω0 + ω+)s+] /c) (57)
≈ S(ω)S∗(ω˜)I(k0s−)R(k0s+), (58)
where
I(k) ≡
∫
d2ρ 〈I ′0(ρ+)〉 exp(−iρ · k) (59)
R(k) ≡
∫
d2ρR(ρ) exp(−iρ · k), (60)
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and the approximation follows from |s−|/4 ≤ 1/2, |s+| ≤ 1, and |ω−|, |ω+|  ω0. So, our
two assumptions then amount to: (1) 〈I ′0(ρ+)〉 having its I(k) confined to a sufficiently
narrow region about k = 0; and (2) R(ρ−) being confined to a sufficiently narrow region
about ρ− = 0. These conditions generalize what we stated earlier when we noted that the
0 plane’s containing a diffuser as in Fig. 1 leads to our two key assumptions being easily
satisfied.
To gain further insight into the preceding partial-coherence validity conditions for
Eq. (17), suppose that
〈I ′0(ρ+)〉 = 〈I ′0(µ)〉 exp(−
∣∣ρ+ − µ∣∣2 /2ρ2I) (61)
R(ρ−) = exp(−
∣∣ρ−∣∣2 /2ρ2R), (62)
where ρI and ρR are the functions’ e
−1/2-attenuation radii. These functions lead to
I(k) = 2piρ2I〈I ′0(µ)〉 exp(−ρ2I |k|2 /2− ik · µ) (63)
R(k) = 2piρ2R exp(−ρ2R |k|2 /2). (64)
From these expressions it follows that our assumptions will be satisfied if (1) ρI  λ0
and (2)
∣∣∣∣ρ+ − zk/√k20 − |k|2∣∣∣∣  ω−ρR/ω0. The first constraint will be easily satisfied
for any 0-plane configuration of interest. Understanding the second constraint requires
more thought. Recalling our geometric interpretation from Fig. 2, Eq. (27) implies that∣∣∣∣ρ+ − zk/√k20 − |k|2∣∣∣∣ = |ρ0|. Thus, the second constraint is |ρ0|  ω−ρR/ω0, which implies
that Eq. (50) is valid except for rays—i.e., ρ+,k pairs—that originate at the 0 plane within
a small radius about the origin. For the case of a partial diffuser, this radius is given by a
small fraction of its coherence length. Taking ω−/2pi = 10 GHz and λ0 = 532 nm, we have
ω−/ω0 ≈ 1.8 × 10−5. So, our results should be valid for any rays that originate outside
|ρ0|  ρR/56000.
To make the preceding analysis applicable to interaction with an occluder, suppose that
the frequency-domain envelope E ′0(ρ0, ω) illuminates an occluder P (ρ0) in the 0 plane result-
ing in a frequency-domain envelope E ′′0 (ρ0, ω) = E ′0(ρ0, ω)P (ρ0), where, e.g., P (ρ0) could be
the Gaussian pinspeck considered in Ref. [11]’s analysis of occlusion-aided P-field imaging.
This new frequency-domain envelope’s correlation function is then
〈E ′′0 (ρ0, ω)E ′′0 (ρ˜0, ω˜)〉 = S(ω)S∗(ω˜)〈I ′0(ρ+)〉R(ρ−)P (ρ0)P ∗(ρ˜0). (65)
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If P (ρ0)P
∗(ρ˜0) varies insignificantly for |ρ0 − ρ˜0| less than the correlation width of R(ρ−),
we get
〈E ′′0 (ρ0, ω)E ′′0 (ρ˜0, ω˜)〉 ≈ S(ω)S∗(ω˜)〈I ′0(ρ+)〉R(ρ−)|P (ρ+)|2, (66)
and the validity conditions identified in the previous paragraph apply with I ′′0 (ρ+) ≡
I ′0(ρ+)|P (ρ+)|2 used in place of I ′0(ρ+).
V. THE HELMHOLTZ EQUATION
The last section required considerable work to obtain and validate—under some restrictions—
a nonparaxial free-space propagation primitive for the TFSWD. So, it is worth seeking an
alternative, differential-equation characterization that might provide a better route to such
a primitive. In terms of the underlying positive-frequency optical field—which, in the time
domain we denote U
(+)
z (ρz, t) ≡ Ez(ρz, t)e−iω0t—the most general description we can provide
is the wave equation, (
∇2ρz + ∂2z −
1
c2
∂2t
)
U (+)z (ρz, t) = 0, (67)
where ∇ρz is the 2D gradient with respect to the transverse coordinate ρz and ∇2ρz is the
associated Laplacian. The implication for the frequency-domain complex field envelope is
that it satisfies the Helmholtz equation with a frequency offset,(
∇2ρz + ∂2z −
(ω0 + ω)
2
c2
)
Ez(ρz, ω) = 0. (68)
One might expect that the Rayleigh–Sommerfeld diffraction integral, Eq. (19), would satisfy
this equation with E ′0(ρ0, ω) as a boundary condition. However, it does not, as the Rayleigh–
Sommerfeld integral is in fact an approximation of the complete diffraction integral we will
call the Rayleigh diffraction integral [23],
E1(ρ1, ω) =
∫
d2ρ0 E ′0(ρ0, ω)
1
2pi
 1√
z2 + |ρ1 − ρ0|2
− iω0 + ω
c

× z
z2 + |ρ1 − ρ0|2
ei(ω0+ω)
√
z2+|ρ1−ρ0|2/c, (69)
which, as it turns out, does satisfy Eq. (68) with E ′0(ρ0, ω) as a boundary condition. Equa-
tion (19) is obtained from Eq. (69) in the limit of λ0  z, which is trivially true for any
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scenario of practical interest. Though more complete than the Rayleigh–Sommerfeld diffrac-
tion integral, the Rayleigh diffraction integral is even more cumbersome to manage, and it
does not lend itself as readily to intuitive physical interpretation. Accordingly, we are at a
loss to find an appropriate TFSWD primitive from Rayleigh diffraction. Nevertheless, it is
not hard to see that the implied P-field post-diffuser propagation is given by
P1(ρ1, ω−) =
∫
d2ρ0P0(ρ0, ω−)
(
1 +
λ20
4pi2
(
L21 + |ρ1 − ρ0|2
))
× L
2
1(
L21 + |ρ1 − ρ0|2
)2 eiω−√L21+|ρ1−ρ0|2/c, (70)
which leads to the following result for the diffuser-averaged STA irradiance,
〈I1(ρ1, t)〉 =
∫
d2ρ0 I0
(
ρ0, t−
√
L21 + |ρ1 − ρ0|2/c
)(
1 +
λ20
4pi2
(
L21 + |ρ1 − ρ0|2
))
× L
2
1(
L21 + |ρ1 − ρ0|2
)2 . (71)
Despite its not being clear what the unrestricted TFSWD free-space propagation prim-
itive would be, we can characterize the TFSWD’s behavior quite generally. First we
note that the TFSWD is a Fourier transform of the complex-field-envelope correlation
〈Ez(ρz, ω)E∗z (ρ˜z, ω˜)〉. It is not hard to see that this correlation must obey two Helmholtz
equations, one for the first transverse spatial coordinate and frequency, and another for the
second pair of coordinates. From the chain rule and the Fourier transform’s linearity, we
can easily derive a pair of differential equations for the TFSWD which can be summarized
by (
1
4
∇2ρ+ + ∂2z ± ik · ∇ρ+ +
(ω0 + ω+ ± ω−/2)2
c2
− |k|2
)
WEz(ρ+,k, ω+, ω−) = 0. (72)
If we define an angular spectrum for the TFSWD by Fourier transforming its transverse
spatial coordinate, viz.,
W˜Ez(k+,k−, ω+, ω−) ≡
∫
d2ρ+ WEz(ρ+,k+, ω+, ω−)e
−ik−·ρ+ , (73)
then the equivalent pair of equations for this new quantity are(
∂2z +
(ω0 + ω+ ± ω−/2)2
c2
− |k+ ± k−/2|2
)
W˜Ez(k+,k−, ω+, ω−) = 0. (74)
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Not surprisingly, Eq. (34) does not satisfy these differential equations. After all, it only
suffices to reproduce the approximate Rayleigh–Sommerfeld behavior of the P field and not
the full Rayleigh-diffraction behavior. However, it seems unlikely that any clean propagation
primitive will satisfy these equations exactly, as all of our propagation derivations thus far
have made liberal use of the quasimonochromatic assumption, which is of course not captured
by the Helmholtz equation. Still, it is intellectually satisfying to have a general description in
terms of such differential equations, and they may prove useful in some presently unforeseen
circumstances.
VI. SUMMARY AND DISCUSSION
Motivated by initial proposals and experimental demonstrations that established the
utility of the P-field concept for NLoS imaging, we embarked on a program to flesh out
its theoretical understanding, beginning with study of paraxial, transmissive geometries. In
this paper, mindful of the limitations of our earlier work’s paraxial assumption, we have
derived nonparaxial post-diffuser propagation primitives for the P field and, equivalently,
the diffuser-averaged STA irradiance using the Rayleigh–Sommerfeld diffraction integral
for the complex field envelope. We have also proposed nonparaxial free-space propagation
primitives for the 6D light field and, equivalently, the TFSWD, which enable handling a
wider variety of NLoS scenarios than is possible using the P field alone. Our proposal was
inspired by applying geometric intuition to our result for the Fresnel limit, and its validity
is suggested by the fact that it reproduces our derived propagation result for the diffuser-
averaged STA irradiance. We then provided a more formal derivation of this primitive using
the angular-spectrum representation of the complex field envelope under certain constraints
on the relevant correlation functions. Pushing past these constraints, we provided a more
general characterization of TFSWD behavior by presenting a pair of differential equations
it obeys.
Despite this considerable progress, which successfully extends our previously developed
framework to the nonparaxial regime, much work remains to be done, particularly in apply-
ing these results. In developing this extension, we have not reanalyzed the P field’s compu-
tational and physical imaging scenarios, nor have we reconsidered the effects of speckle. Our
previous investigation of these topics benefited from the ability to obtain closed-form results
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from Gaussian integrals, a feat which will likely not be possible when using our new non-
paraxial results. Consequently, it may be necessary to abandon the pursuit of closed-form
insights in favor of numerical analysis and simulation for the nonparaxial case. However, in
doing so, we expect to find that the essence of our results for imaging and speckle carry over
nicely to the nonparaxial regime.
Even beyond these application-oriented opportunities, there is still room for further un-
derstanding of the pure theory. While our derivation of the Rayleigh–Sommerfeld propaga-
tion primitive for the TFSWD under partially-coherent circumstances is promising evidence
for its validity, as is the reproduction by that primitive of the correct STA-irradiance be-
havior, it would be preferable to have a formal derivation of it for propagation from arbi-
trary planes, without restriction. A step towards this goal might be to find the Rayleigh–
Sommerfeld P-field input-output relation for occluder-interrupted, post-diffuser propagation
in the geometric-optics limit, as we earlier showed to be intuitive in the paraxial regime [24].
Finally, the pinnacle of understanding nonparaxial propagation would be to find a Rayleigh-
diffraction equivalent for the TFSWD or some other propagation primitive that satisfies
the Helmholtz equation or, equivalently, our new differential equations for the TFSWD.
More generally, progress in this area would include any practical developments in the un-
derstanding of the TFSWD’s differential equations that lead to a better, theoretically-sound
understanding of the general propagation behavior of phasor-field quantities. In steering
towards such broadly-applicable results, we hope that the results of this paper will serve as
the foundation for transitioning our planar, transmissive framework to one that directly ad-
dresses standard, reflective NLoS geometries and the full complexities of 3D reconstruction.
Appendix A: 6D-light-field example
Here, within the confines of our quasimonochromatic paraxial framework from Ref. [11],
we present a simple example to illustrate the interrelationships between the complex
field envelope E0(ρ0, t), the STA irradiance I0(ρ0, t), the P field P0(ρ0, ω−), the TF-
SWD WE0(ρ+,k, ω+, ω−), the 6D light field I0(ρ+, s, ω+, t), and the specific intensity
I0(ρ+, s, t) [25].
For this example we assume a space-time factorable E0(ρ0, t) comprised of a collimated
Gaussian beam centered at ρ0 = µ with transverse propagation vector k0θ that is multiplied
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by a sinusoidally-modulated Gaussian pulse in time, i.e.,
E0(ρ0, t) =
√
I0 e
−4|ρ0−µ|2/d20eik0θ·ρ0e−t
2/T 2 cos(Ωt), (A1)
where 0 < Ω ω0 and ΩT  1.
The STA irradiance associated with E0(ρ0, t),
I0(ρ0, t) = I0e
−8|ρ0−µ|2/d20e−2t
2/T 2 cos2(Ωt) = I0e
−8|ρ0−µ|2/d20e−2t
2/T 2 [1 + cos(2Ωt)]/2, (A2)
carries none of E0(ρ0, t)’s directionality information and its sideband frequency is double
that of the field envelope.
The P field associated with E0(ρ0, t),
P0(ρ0, ω−) = I0
√
piT 2
8
e−8|ρ0−µ|
2/d20 [e−ω
2
−T
2/8 + (e−(ω−+2Ω)
2T 2/8 + e−(ω−−2Ω)
2T 2/8)/2], (A3)
shows the presence of double-sideband modulation at 2Ω but no information about the field
envelope’s transverse propagation vector.
The frequency-domain field envelope associated with E0(ρ0, t) is
E0(ρ0, ω) =
√
I0
√
piT 2
4
e−4|ρ0−µ|
2/d20eik0θ·ρ0(e−(ω−Ω)
2T 2/4 + e−(ω+Ω)
2T 2/4). (A4)
The TFSWD associated with E0(ρ0, t),
WE0(ρ+,k, ω+, ω−) = I0
piT 2
4
pid20
2
e−8|ρ+−µ|
2/d20e−|k−k0θ|
2d20/8[e−(ω+−Ω)
2T 2/2e−ω
2
−T
2/8
+ e−ω
2
+T
2/2e−(ω−/2−Ω)
2T 2/2 + e−ω
2
+T
2/2e−(ω−/2+Ω)
2/2 + e−(ω++Ω)
2T 2/2e−ω
2
−T
2/8], (A5)
contains information about both θ and Ω.
The 6D light field associated with E0(ρ0, t),
I0(ρ+, s, ω+, t) =
pid20I0
8λ20
√
2piT 2 e−8|ρ+−µ|
2/d20e−k
2
0 |s−θ|2d20/8e−2t
2/T 2 [e−(ω+−Ω)
2T 2/2
+ 2e−ω
2
+T
2/2 cos(2Ωt) + e−(ω++Ω)
2T 2/2], (A6)
accords with the interpretation given in the text. In particular, the radiance is concentrated:
(1) in space around ρ+ = µ; (2) in transverse propagation vector around s = θ; (3) in optical
frequency around ω0 + ω+ = ω0 and ω0 + ω+ = ω0 ± Ω; and (4) in time around t = 0.
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The time-dependent specific intensity associated with E0(ρ0, t),
I0(ρ+, s, t) =
∫
dω+
2pi
I0(ρ+, s, ω+, t) (A7)
=
pid20I0
4λ20
e−8|ρ+−µ|
2/d20e−k
2
0 |s−θ|2d20/8e−2t
2/T 2 [1 + cos(2Ωt)], (A8)
quantifies the time-t radiance at ρ+ with transverse propagation vector s. Integrating this
result over s then recovers the STA irradiance, i.e., we have that∫
ds I0(ρ+, s, t) = I0e
−8|ρ+−µ|2/d20e−2t
2/T 2 [1 + cos(2Ωt)]/2 = I0(ρ+, t), (A9)
as expected from the physical interpretations of I0(ρ+, s, t) and I0(ρ+, t).
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